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Let G be a noncompact simple Lie group, and let r be a discrete subgroup 
of G such that G/P has finite volume. The main result of this paper is that 
the left ring of P is a Type II1 von Neumann algebra. This result in turn is 
applied to solve, in some generality, a problem in dynamical systems posed 
by I. M. Gelfand. 
INTRODUCTION 
If G is a locally compact unimodular group, let Y(G) be the 
von Neumann algebra generated by left translations L(a) (a in G) 
on L2(G). Let I’ be a discrete subgroup of G, and let p be a measure 
on G/r which is invariant under the natural action of G. 
The measure class of p is uniquely determined. If f is in L2(G/F), let 
(V4f)W = flu-’ - 4. 
The following problem is of interest in dynamical systems (cf. 
Gelfand [3]). Let &?(G, r) be the von Neumann algebra on 
L2(G) @ L2(G/.F) generated by L(a) @ V(u) (u in G) and I @ M(4) 
(here 4 is in L”(G/r, p) and (&Z(+)f)(x) = ~$(x)f(x), for all f in 
L2(G/r)). What is the Murray-von Neumann type of W(G, F) ? The 
principle result of this paper states: if G is a noncompact, real simple 
Lie group with rank greater than one, and if G/r has finite volume, 
then 9(G, r) is a II, von Neumann algebra. 
This paper is divided into two sections. Section 1 contains a result 
on discrete groups which is of independent interest. Let r be a 
finitely-generated, discrete group. In Section 1 we give a necessary 
and sufficient algebraic condition on r such that P’(r) is a II, 
von Neumann algebra. In Section 2 we combine Section 1, some 
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previous results of the author [5], and D.A. Kazdan’s thesis [7] to 
answer in great generality the problem posed in the previous 
paragraph. 
See Dixmier [I] for the elementary facts about von Neumann 
algebras used in this paper. 
1. A THEOREM ON DISCRETE GROUPS 
The purpose of this section is to prove the following theorem. 
THEOREM 1 .l Let r be a jinitely-generated discrete group. Let r, 
be the normal subgroup of r consisting of those ele?ents of I’ with only 
a jinite number of conjugates. Then Z(r) is a II, von Neumann algebra 
if, and only if, r/r, is infktite. Otherwise, 3(r) is a Type I von Neumann 
algebra. 
The following lemma is due to J. Tomiyama [lo]. 
LEMMA 1.2. Let 9 and 9 be von Neumann algebras with Y C 3. 
Let P : W -+ Y be a linear mapping with the properties: (a) P(I) = I; 
(b) P(ABC) = AP(B)C (A and C in Y, B in 9); (c) P(A) > 0 if 
A 3 0; (d) P is continuous in the ultrastrong operator topology. Then 
Y is a Type I von Neumann algebra if9S? is. 
LEMMA 1.3. Let G be a discrete group and H a normal Abelian 
subgroup of G such that G/H isjnite. Then G is Type I. 
Proof. Let U(a) b e a unitary representation of G on the Hilbert 
space X. Let Jai be the von Neumann algebra generated by 
[U(a) j a in H]. Since H is Abelian, &’ is abelian. Hence, d and &’ 
are Type I von Neumann algebras. Let 9!? be the von Neumann 
algebra generated by [U(a) 1 a in G]. We want to show that 9I? is a 
Type I von Neumann algebra. Since &’ C 9, 98’ C &‘. The lemma 
will be proved if we show that W’ is a Type I von Neumann algebra. 
Note that U(a) &U(a-I) = & for all a in G since N is a normal 
subgroup of G. Hence, U(a) &‘U(a-l) = &’ for all a in G. Let 
9(4(T) = u(a) TWO ( a in G, T in &‘). Each d(a) is a *-auto- 
morphism of d’. Choose representatives a, ,..., a, for each H-coset. 
Let f’(T) = (l/n) CIGiGn +(a%)( T) for all T in z&“. One easily checks 
that P does not depend upon which representatives a, ,..., a, are 
chosen, and that P is a linear mapping of d’ onto 9’. Further, 
P(I) = I; P(ABC) = AP(B)C (A and C in B’, B in z&“); P(A) >, 0 
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if A > 0; and, P is continuous in the ultrastrong operator topology. 
Hence, Lemma 1.2 applies and shows that 9’ is a Type I von Neumann 
algebra. Q.E.D. 
Proof of Theorem 1.1. If r/I’, is infinite, then, as is well-known, 
d;p(r) is a II, von Neumann algebra. See Kaplansky [6] for a simple 
proof of this fact. 
Conversely, suppose r/rr is finite. Since r is finitely generated, 
r, is also finitely generated (cf. Scott [9], Exercise 8.4.33, p. 208). 
But every element of r, has only a finite number of conjugates. Hence, 
if Cent r, denotes the center of rt , rfjCent l-‘, is finite. (cf. Scott [9], 
Theorem 15.1.5, p. 442). Let H = nainC a * Cent r, * a-l. Combine 
Poincare’s Lemma together with the fact that r/Cent r, is finite to 
conclude that r/H is finite. Since H C Cent I’, , His Abelian. Hence, 
Lemma 1.2 implies that r is Type I. In particular, Z(r) is a Type I 
von Neumann algebra. Q.E.D. 
Note that the proof of Theorem 1.1 implies the following corollaries. 
COROLLARY 1.4. Let r be a finitely generated discrete group. Then 
either Y(r) is a finite Type I von Neumann algebra OY else 9(r) is 
a II, von Neumann algebra. 
This corollary is of interest, for there exist discrete groups r such 
that Z(r) is the direct sum of an abelian von Neumann algebra 
and a Type II, von Neumann algebra. See Kaplansky [6] for an 
example of this phenomenon. 
COROLLARY 1.5. Let r be a jinitely-generated discrete group. Then 
r is Type I ;f, and only if, Z’(r) is a Type I van Neumann algebra. 
This corollary is of interest, for there exist locally compact non- 
Type I groups G such that JZ(G) is a Type I von Neumann algebra. 
An example of such a G may be found in Mackey [8]. 
2. A RESULT ON DYNAMICAL SYSTEMS 
If G is a locally compact unimodular group, let G be its dual. G 
is a topological space in the Fell topology (see Dixmier [2] for the 
appropriate definitions). Kazdan defines G to have property (T) in 
case the trivial representation of G is isolated in G. He recently has 
obtained a series of beautiful results on such groups. We recall those 
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results which will be used subsequently: (2.1) if G has property (T), 
then G/[G, G] is compact; (2.2) if H is a closed unimodular subgroup 
of G such that G; H has finite volume, then H also has property (T); 
(2.3) if G is a real semisimple Lie group, all of whose simple consti- 
tuents has rank greater than one, then G has property (T); (2.4) if 
r is a countable discrete group with property (T), then r is finitely 
generated. (Kazdan announced his results in [7]; see the recent Semi- 
naire Bourbaki expose by C. DeLarouche and A. Kirillov for proofs.) 
THEOREM 2.1. Let G be a noncompact, locally compact, unimodular 
group with property (T). Let P be a discrete subgroup of G such that 
G/P has Jinite volume. Then Y(P) is a II, von Neumann algebra and 
B(G, P) is a Type II von Neumann algebra. 
Proof. Let r, be as in Theorem 1.1. If r:I’, is infinite, then Z(r) 
is a II, von Neumann and the first assertion is proved. Otherwise, 
r/r, is finite. Hence, Glr, has finite volume since G/P has finite 
volume. G has property (T). Therefore r, has property (T), I’, is 
finitely-generated, and r,; [r, , r,] is finite. But every element of rj 
has only a finite number of conjugates. Hence, r&em r, is finite 
(Scott [9], Theorem 15.1.5., p. 442). 
Therefore, [r, , r,] is finite (Scott [9], Theorem 15.1.13, p. 443) 
and so r, is finite. Since Gfr, has finite volume, G also has finite 
volume. Hence, G is compact. Contradiction. Hence r/r, is infinite 
and P(r) is a II, von Neumann algebra. 
The main theorem of Kallman [5] states that J%(G, r)’ is 
algebraically isomorphic to Z(r). Hence, d(G, r) is a Type II 
von Neumann algebra. Q.E.D. 
COROLLARY 2.2. Let G be a real semisimple Lie group, all of whose 
simple constituents are noncompact and have rank greater than one. 
Let P be a discrete subgroup of G such that G/I’ has$nite volume. Then 
%(G , I’) is a II, eon Neumann algebra. 
Proof. W(G, r) is a Type II von Neumann algebra by Theorem 2.1. 
The corollary will be proved if we can show that s(G, F) has no II, 
portion. If P is a projection in Cent g(G, r) such that %(G, r), is 
a II, von Neumann algebra, consider a + (L(a) @ V(a))P. This is 
a unitary representation of G into a finite von Neumann algebra. 
This unitary representation must be the identity, for G is semisimple 
with no compact simple constituents (see Kadison and Singer [4]). 
Hence, g(G, r), is generated by (I @ M(+))P (+L”(G/I”, p)). There- 
fore, W(G, r), is abelian, which contradicts the assumption that 
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92(G, T), is of Type II, . Hence, SZ’(G, r) has no portion of Type II, . 
Hence, B?(G, I’) is a II, von Neumann algebra. Q.E.D. 
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